Abstract. We prove that the Drinfeld double of the category of sheaves on an orbifold is equivalent the the category of sheaves on the corresponding inertia orbifold. We hope this observation will help to explain the appearence of inertia groupoid in the orbifold cohomology theory.
1. Introduction 1.1. Overview. This note is a result of an attempt to understand why inertia orbifold appears in the stringy cohomology theory. Recall that if X is an orbifold then its (stringy) orbifold cohomology is defined by the formula
where H is a usual cohomology for orbifolds and IX is the inertia orbifold which is (roughly speaking) the collection of pairs (x, γ) with x ∈ X and γ ∈ Aut(x).
In an attempt to find a "cohomological meaning" of the connection between X and IX we have found a very simple way to express the category of sheaves on IX through that on X.
1.1.1. Theorem. The category of sheaves of O-modules Sh(IX) is naturally equivalent to the Drinfeld double of the category Sh(X) (considered as a monoidal category with respect to the tensor product of sheaves).
The orbifolds are assumed to be complex or C ∞ -orbifolds. In the complex case one can substitute the sheaves of O-modules with the coherent sheaves.
The functor Θ : Sh(IX) -D(Sh(X)) from the category of sheaves on IX to the Drinfeld double of Sh(X) is constructed as follows.
The canonical projection π : IX -X is defined by the formula π(x, γ) = x. This is a finite morphism of orbifolds and one has the projection formula (2) π * (M ⊗ π * (N)) = π * (M) ⊗ N.
For any N ∈ Sh(X) the inverse image π * (N) admits a canonical automorphism ζ N : p * (N) -p * (N) defined at each point (x, γ) ∈ IX by the formula (π * (N)) (x,γ) = N x γ -N x = (π * (N)) (x,γ) .
Thus, for any sheaf M ∈ Sh(IX) the functor N → π * (M) ⊗ N = π * (M ⊗ π * (N)) is endowed with a canonical endomorphism induced by ζ N . Its composition with the standard commutativity constraint gives an object of D(Sh(X)).
To prove Θ is an equivalence, we check this locally (for a quotient of a manifold by a finite group) and then use the local structure of complex or C ∞ -orbifolds to deduce the general claim.
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Note that the equivalence Θ provides the category Sh(IX) with a new structure of braded monoidal category. We explicitly describe this new monoidal structure in 8.2.
1.2. Structure of the paper. In Section 2 we recall general facts about orbifolds, including the description of the standard functors. In Section 3 we recall the definition of Drinfeld double of a monoidal category and construct the functor Θ. In Sections 4 and 5 we prove that Θ is an equivalence in the affine case: for a quotient of an affine scheme by a finite group or for a (global) quotient of a manifold (resp., Stein manifold) by a finite group. In Section 6 we describe a presentation of an orbifold by an atlas of affine orbifold charts. This allows us to get the general result using an affine orbifold atlas in Section 7.
Generalities on orbifolds
We define an orbifold as a stack on a fixed category M of manifolds having a "geometric origin". It makes sense considering the following instances of the base category M.
• C ∞ manifolds.
• Complex manifolds.
• Schemes over a fixed base scheme S.
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The category M of one of the above mentioned types is endowed with theétale topology: the coverings are finite collections ofétale (=local isomorphisms in the C ∞ or complex case) morphisms.
2.1. Groupoids. Anétale groupoid X • in M is a collection of the following data.
• A space X 0 ∈ M of objects.
• A space X 1 ∈ M of arrows.
•Étale morphisms of source and target s, t :
The requirements imposed on these data guarantee that for each M ∈ M the data Hom(M, X • ) form a groupoid. Note that since the source map isétale, the fibre product
If, for example, X is a manifold and G is a finite group acting on X, the quotient groupoid (G\X) • is defined by the formulas
The Similarly, in the complex-analytic version, X is assumed to be a Stein manifold; in the C ∞ version X can be any smooth manifold. An important property of complex-analytic and C ∞ -orbifolds is the existence of affine open neighborhoods.
2.3.1. Proposition. Let M be the category of complex or C ∞ manifolds. Let X • be anétale separated groupoid in M. Let x ∈ X 0 and G = Aut(x) = {γ ∈ X 1 |s(γ) = t(γ) = x}. There exists an open neighborhood U of x in X 0 (Stein in the complex case) so that the restriction of X • to U is isomorphic to a quotient groupoid (G\U) • .
Proof. The C ∞ case is proven in [MP] , proof of Th. 4.1. In the complex case one should only add that U is obtained as a finite intersection of open polydiscs, and is, therefore, Stein.
2.4. Inertia orbifold. Let G be a groupoid. We define the groupoid IG (inertia groupoid of G) as follows. The objects of IG are pairs (x, γ) with x ∈ G, γ : x -x. A morphism from (x, γ) to (y, δ) is a morphism α : x -y satisfying the property δα = αγ.
If X is an orbifold, we define IX as the fibered category on M assigning a groupoid I(X(M)) to M ∈ M.
2.4.1. Lemma. IX is an orbifold.
Proof. Let us check first that IX is a stack. Let (x, γ), (y, δ) ∈ IX (M) . One has Hom((x, γ), (y, δ)) = Ker Hom(x, y)
and this proves that Hom-sets in IX form a sheaf. The second axiom of stacks saying that the groupoid IX(U), U ∈ M, is equivalent to the groupoid of the descent data with respect to any covering of U, is straightforward.
Finally, suppose X = [X • ]. We claim that IX is equivalent to [IX • ] where the groupoid IX • is defined by the formulas
An important step in proving the claim is to check that IX 0 and IX 1 are smooth manifolds. In complex or C ∞ case this follows from Proposition 2.3.1. In algebraic case the groupoid IX • as above is defined; its smoothness can be checked locally inétale topology, and this also reduces the claim to the affine case.
2.5. Sheaves on orbifolds. Let X be an orbifold. We define theétale cite of X, X et , as follows.
The objects of X et areétale morphisms f : X -X with X ∈ M. The morphisms from f : X -X to g : Y -X are given by pairs (α, β) where α : X -Y and β : f → gα is a 2-morphism. Coverings in X et are generated by surjectiveétale morphisms. We denote by O X or simply O the structure sheaf of X of respectively regular / holomorphic / smooth functions.
The sheaves of O-modules on X form a tensor (=symmetric monoidal) category.
Notation. In what follows Sh(X) denotes the category of sheaves of O-modules in the complex-analytic or C ∞ case, and of quasicoherent sheaves in the algebraic case.
2.5.1. Inverse and direct image Any 1-morphism of orbifolds f : X -Y induces a pair of adjoint functors
of inverse and direct image. In order to define them it is convenient to use a bigger site X ET whose objects are allétale 1-morphisms f : Y -X and morphisms from f :
A 1-morphism of orbifolds f : X -Y induces a morphism of sites
which is, by definition, a continuous functor f −1 : Y ET -X ET commuting with finite limits. This induces a pair of adjoint functor of inverse and direct image in a standard way, see [SGA4] , IV.4.
In the case f is representable there is a morphism of sites
and one does not need the "big" site X ET . Let now f, g : X -Y be two 1-morphisms and let α : f -g be a 2-morphism. For any U ∈ Y ET an isomorphism
Thus, we have a canonical morphism
as well as
2.5.2. Projection formula. Let f : X -Y be a 1-morphism of orbifolds. One has the following canonical morphism of bifunctors.
induced by the adjunction morphism f * f * (M) -M. Projection formula states that for certain classes of f the map (7) is an isomorphism.
We need a very special case of this.
2.5.3. Proposition. Assume f : X -Y is locally a disjoint union of closed embeddings. Then the canonical morphism (7) is an isomorphism.
Proof. The claim reduces to the case of a closed embedding in M. In this case f * identifies Sh(X) with the full subcategory of Sh(Y) consisting of O Y -modules annihilated by the ideal of functions vanishing on f (X). In this case the projection formula is obvious.
3. The functor Θ 3.1. Drinfeld double of a monoidal category. Recall the construction of a double of a monoidal category defined in [JS] 3 . Recall that a monoidal category M is a category endowed with a bifunctor M, N → M ⊗ N and an isomorphism a :
satisfying the pentagon identity. The unit object 1 together with isomorphisms id M -⊗ 1, id M -1 ⊗ , is given, so that the two compositions from id M to 1 ⊗ ⊗ 1 coincide.
The associativity constraint determines an isomorphism between any pair of bracketings of a sequence of objects in M. These isomorphisms being compatible, this allows to write M 1 ⊗ . . . ⊗ M n for the tensor product of n objects, omitting the brackets.
Let M be a monoidal category. Its double D(M) is defined as follows. An object of D(M) is a pair (A, θ) where A ∈ M and θ : A ⊗ -⊗ A is an isomorphism of functors satisfying the two factorization properties:
where
The monoidal category D(M) is braided: the isomorphism
3.1.1. Remarks. 1. If M is a discrete monoidal category (that is a monoid), the double DM is the center of the monoid. 2. The double construction for monoidal categories corresponds to Drinfeld's construction [DQG] of the double of a Lie bialgebra. This is why we use the term Drinfeld double. The construction for monoidal categories is described by A. Joyal and R. Street in [JS] .
3.2. Case of symmetric monoidal category. In this note we apply the Drinfeld double construction to the tensor (=symmetric monoidal) category of sheaves on an orbifold. Let M be a tensor category so that, apart from the monoidal structure, a commutativity constraint σ AB : A ⊗ B ≈ -B ⊗ A is given. An object (A, θ) ∈ D(M) defines uniquely an automorphism τ of the functor M → A ⊗ M as the composition of θ(M) with the commutativity constraint. We rewrite below the factorization axioms (F1), (F2) in terms of automorphism τ .
3.3. The canonical functor. Let X be an orbifold and let IX be its inertia orbifold. Now we are ready to define the canonical functor
is given by the pair (π * (M), τ ) where τ is the endomorphism of the functor N → π * (M) ⊗ N defined as follows.
Notice that the projection π : IX -X is endowed with a canonical 2-automorphism ζ : π -π assigning to a pair (x, γ) the automorphism γ of x ∈ X(M).
Thus, the inverse image π * (N) admits a canonical automorphism ζ whose fiber at a point (x, γ) ∈ IX 0 is given by
By the projection formula
We define τ : π * (M) ⊗ N -π * (M) ⊗ N as the map induced by the canonical automorphism ζ of π * (N) described above.
Affine algebraic version
It is a pleasure to start with the affine algebraic version of the theorem, even though we are unable to deduce from it a global version for DM stacks.
Let A be a commutative ring acted upon by a finite group G. Let C be the category of G-equivariant A-modules. We will explicitly describe now the double D(C).
4.1. Calculation. Let R = A ⋊ G be the twisted group ring, so that C = R Mod, the category of left R-modules. This is a monoidal category with respect to the operation M, N → M ⊗ A N defined by the A-coalgebra structure on R (with respect to the left A-module structure on R) defined by the formula ∆(g) = g ⊗ g.
4.1.1. Lemma. The functor N → M ⊗ N can be canonically presented as tensoring by an R-bimodule M .
Proof. We construct M as follows. As a left R-module, M is just the tensor product M ⊗ R with R-module action defined using the coproduct in R. The right R-module structure is defined by right multiplication. Thus, one has
Notice that M has different left and right A-module structures. The check that M is the bimodule we need, is straightforward.
Note that C is a symmetric monoidal category, thus an object of D(C) is defined by a pair (M, τ ) where M ∈ C and τ is an endomorphism of the functor N → M ⊗ N satisfying the properties 3.2. 
The R-bilinearity conditions on Φ amount to the conditions
for all a ∈ A, g, h ∈ G, m ∈ M, where (12) follows from the preservation of left action by g ∈ G and (13) and (14) say about preservation of the left an the right A-module structure respectively. Comparing the conditions (13) and (14) we deduce that φ h are A-module endomorphisms and h(a) − a annihilates φ h for each a ∈ A.
Finally, factorization properties (F1), (F2), see 3.1, give the conditions
Thus the endomorphisms φ g are orthogonal idempotents and therefore they provide a decomposition of M into a direct sum. This means that an object of D(C) is given by an equivariant A-module
We have proven the following 4.1.3. Theorem. Let a finite group G act on a commutative ring A. Define B as the direct product
with the action of G defined by the formula
Then the double of the category of G-equivariant A-module is equivalent to the category of G-equivariant B-modules.
A direct calculation shows that the assignment of Theorem 4.1.3 is quasiinverse to the functor Θ : Mod(B) -D(Mod(A)
) defined in 3.3.
Affine C ∞ and complex-analytic version
In this section we will check (in a way, similar to that of the previous section) that the canonical functor Θ defined in 3.3, is an equivalence for affine C ∞ and affine complex-analytic orbifolds.
C
∞ case. Let X be a smooth manifold. Let M ∈ Sh([G\X] ). This is a G-equivariant sheaf on X. Define M = M ⊗ C CG = ⊕ h∈G M ⊗ h. This is a G-equivariant sheaf on X with the G-action given by the formula
The sheaf M admits also a right G-action via
Also the global C ∞ functions on X act on M on the right by the formula
The formulas above are similar to the formulas (10), (11). Any endomorphism of the functor N → M ⊗ N induces an equivariant endomorphism of the sheaf M commuting with the right actions. In fact, let O be the sheaf of C ∞ functions on X.
with the right actions since right multiplication by g ∈ G or by a ∈ C ∞ (X) is a morphism of equivariant O-modules.
The converse is also true, but we are not using this at the moment. Similarly to the affine algebraic case, we deduce for Φ(m⊗g) = φ h (m) ⊗hg the formulas analogous to (12)- (14):
is a global smooth function) (20)
Suppose now that τ satisfies the factorization properties. Then φ h are orthogonal idempotents so that for
Comparing (19) to (20) we get that the sheaf of O X -modules M g is annihilated by any global C ∞ function of the form g(a) − a where a is a global smooth function. We claim this implies that M g is the direct image of a sheaf on X g with respect to the closed embedding X g -X. To prove this we have to check that for each open U ⊆ X, m ∈ M(U) and f ∈ O(U) such that f is zero on X g ∩ U, one has f m = 0. This can be checked for arbitrarily small neighborhoods of points of X g . Since X g is regularly embedded in X, the fact follows from [M] , Thm. VI.1.1.
We have therefore constructed a functor
Similarly to 4.2, the functor constructed above is quasi-inverse to the one described in 3.3.
5.2.
Complex-analytic case. The proof presented above for the smooth case works as well in the complex-analytic case if X is a Stein manifold; the only nontrivial step of presenting M h as a direct image of a sheaf on X h is due to the fact that the sheaf O of holomorphic functions on X is generated by its global sections.
Affine orbifold atlas
In this section we describe how to present a complex or C ∞ orbifold as a result of gluing of affine orbifolds.
Notice that, historically, the first definition of orbifold [Sa] has been given in language of orbifold charts; in the effective case the passage from Satake definition to the stack version is described in [HV] , 2.8, using an appropriate 2-direct limit construction. Here we go in the opposite direction, starting with an M-orbifold and presenting it as a direct limit of affine orbifolds. This allows to present a sheaf on an orbifold X as a compatible collection of sheaves on the affine orbifold charts. The construction of inertia orbifold can be also performed chart-by-chart. 6.1. Definitions. 6.1.1. Orbifold charts. Let M be of one of the types mentioned in the introduction. An (affine) orbifold chart is a pair (U, G) where U ∈ M and G is a finite group acting on X and
• X is affine in the algebraic case.
• X is Stein in the complex case.
• (no extra conditions in the C ∞ case.)
A morphism of orbifold charts (U, G)
• The induced map of orbifolds
is an open embedding.
6.1.2. Atlas. Let X be an M-orbifold. Its full atlas Atlas(X) is the category defined as follows.
• The objects are triples (U, G, φ) where (U, G) is an affine orbifold atlas and φ : [G\U] -X is an open embedding.
is given by a triple (α, γ, θ) where (α, γ) is a morphism of the orbifold charts, and θ is a 2-morphism from
A full subcategory A ⊆ Atlas(X) is called an affine orbifold atlas of X if the following properties are satisfied.
• The map (U,G,φ)∈A [G\U] -X is surjective.
• For each point x ∈ |X| lying in the image of two charts a i = (U i , G i , φ i ) ∈ A, i = 1, 2 there exists a chart a 12 = (U 12 , G 12 , φ 12 ) ∈ A and a pair of maps a 12 -a i such that x belongs to the image of a 12 . Proposition 2.3.1 shows that complex and C ∞ orbifolds admit affine orbifold atlases. For DM algebraic stacks the existence of an affine orbifold atlas seems to be a very strong condition even over a separably closed field. 6.2. Sheaves. Let D be a category. Recall that a D-category is, by definition, a functor π : X -D. The sheaves on the orbifold charts of an atlas A of X can be organized into a category Sh bifibered over A op . Put D = A op . We define the D-cateory Sh as follows.
The objects of Sh over (U, G, φ) ∈ D are the sheaves on [G\U] . An arrow v :
. Since u op is representable, this is nothing but a compatible collection of maps
. It is sometimes convenient to add an initial object to D = Atlas(X) op and to complete Sh with the sheaves on X. Here are the appropriate definitions.
The category D + is obtained from D by joining an initial object ∅. We define the D + -category Sh + as follows. Its restriction to D is the category Sh constructed above. The objects over ∅ are just the sheaves on X. An arrow from F to F ′ over the unique morphism (d) :
6.2.1. Cofibered, fibered and bifibered categories. Let π :
is a bijection. A D-category X is called cofibered if the following properties are satisfied:
• Composition of cocartesian arrows is cocartesian. There is a dual notion of cartesian arrow and of fibered category, see [SGA1] , Exposé VI. A D-category is bifibered if it is cofibered and fibered simultaneously.
The D + -category Sh+ constructed above is obviously bifibered; this is equivalent to the existence of direct and inverse image functors for sheaves on orbifolds. We will mention an extra property of Sh + . 6.2.2. Definition. A D-category X will be called special bifibered category if it is bifibered and all cartesian arrows in X are necessarily cocartesian.
6.2.3. Lemma. Sh + is a special bifibered D + -category.
Proof. For any open embedding
of orbifolds the composition u * • u * is isomorphic to identity. This immediately implies the lemma.
6.3. Effective descent. Let D be a category and let D + be the category obtained by adding the initial object ∅ to D. If X is a D + -category, we denote
If π : X -D is cofibered, one defines Γ coc (π) (or Γ coc (X)) to be the category of cocartesian sections of π.
Let X be cofibered over D + . We say that X admits an effective descent if the obvious functor
is an equivalence. Note that the functor Γ coc (X) -X ∅ is equivalence since ∅ is an initial object of D + .
6.3.1. Lemma. The D + -category Sh + has an effective descent.
Proof. This is fairly standard: a sheaf on X is uniquely given by a compatible collection of sheaves on its affine orbifold charts.
7. The main result 7.1. Relative monoidal categories. In this subsection we will show how to generalize to D-categories the notions of monoidal category and the construction of double.
Cofibered monoidal categories.
A monoidal structure on a Dcategory X is given by a functor
of D-categories, together with a unit 1 : D -D and the usual constraints and compatibilities. This means that tensor product is defined for pairs of objects having the same image in D and the morphism v ⊗ w :
• It is cofibered;
• If v : x → x ′ and w : y → y ′ are cocartesian over the same arrow u of D, then v ⊗ w is also cocartesian. The objects of D(X) are defined by the formula
For a pair (x, α) and (y, β) of objects of D(X) and for a morphism u : π(x) -π(y) in D, we define Hom u ((x, α), (y, β)) as the set of all f ∈ Hom u (x, y) such that for each v :
is commutative. In the case X is cofibered over D, it is enough to verify the condition (23) for cocartesian v only.
The functor of sections.
If π : X -D is cofibered monoidal, Γ coc (π) is monoidal: for two cocartesian sections F, G : D -X their tensor product is defined as
Below we show that in the special bifibered case the functors Γ coc and D commute.
A D-category X is called special bifibered monoidal category if it is special bifibered and monoidal cofibered. 7.1.4. Lemma. Assume π : X -D is a special bifibered monoidal category. Then the Drinfeld double π :
is defined canonically by the choice of v. In fact, for y ∈ X d ′ choose a cartesian arrow w : y ′′ → y over u. By the assumption of the proposition, w is cocartesian, so v ⊗w : x⊗y ′′ -x ′ ⊗y is also cocartesian. This implies that the composition Proof. By the assumption the functors
are equivalences of monoidal categories. This yields the equivalences
The functor
enters into the diagram
so that ρ and σ become (essentially) quasi-inverse.
7.2. Inertia through the orbifold atlas. Let X be an orbifold and let A ⊆ Atlas(X) be an affine orbifold atlas of X. For a = (U, G, φ) ∈ A we define Ia ∈ Atlas(IX) as Ia = (V, G, ψ) where
7.2.1. Proposition. The collection {Ia|a ∈ A} is an atlas of IX.
Proof. Straightforward.
8. concluding remarks 8.1. Algebraic case. Deligne-Mumford stacks do not admit in general an affine orbifold atlas. This is why we were unable to prove the main result for DM stacks.
It seems plausible that the notion of inertia groupoid should be changed in the algebraic case, see [AGV] . This, however, does not remedy the lack of the affine orbifold charts. 8.2. Monoidal structures on Sh(IX). Note that the equivalence Sh(IX) → D(Sh(X)) does not preserve the tensor structure. For instance, the unit object on the right hand side is presented by the structure sheaf on the nontwisted component of IX. The new monoidal structure on Sh(IX) can be described as follows. Let I 2 X be the double inertia orbifold. The objects of I 2 X(M) consist of triples (x, γ 1 , γ 2 ) with x ∈ X(M), γ 1 , γ 2 ∈ Aut(x) and the morphisms (x, γ 1 , γ 2 )
-(x ′ , γ ′ 1 , γ ′ 2 ) are given by morphisms x → x ′ commuting with the automorphisms γ's. One has three morphisms p 1,2 , m : I 2 X -IX sending the triple (x, γ 1 , γ 2 ) to (x, γ 1 ), (x, γ 2 ) and (x, γ 1 γ 2 ) respectively. Then the new monoidal structure on Sh(IX) assigns to a pair M, N ∈ Sh(IX) the sheaf m * (p * 1 (M) ⊗ p * 2 (N)). It is very tempting to express the cup-product of the stringy K-theory [JKK] through this monoidal structure.
